INTRODUCTION
In [22] , the second author showed that given a holomorphic quadratic differential on the unit disk of the complex plane C, one can construct a harmonic diffeomorphism from the hyperbolic two space H into itself so that its Hopf differential is equal to the given one. Later, in [4] , Au and the second author generalized the result for holomorphic quadratic differentials on C, provided the differential is not of the form cdz 2 for some constant c. Even though it
is not explicitly stated in [22, 4] , the harmonic diffeomorphism is unique up to an isometry in the target. The method of proof in [22, 4] is to construct a complete constant mean curvature space-like surface (a constant mean curvature cut) in the Minkowski three space from the given holomorphic quadratic differential. The required harmonic diffeomorphism is just the Gauss map of the constant mean curvature cut.
On the other hand, Li, Wang and the first author [17] studied a class of surfaces which is more general than the hyperbolic two space. They studied complete simply connected surfaces with Gaussian curvatures bounded between a negative constant and 0, so that the first eigenvalue for the Laplacian for functions is positive. Following [17] , we call such a surface a hyperbolic Cartan-Hadamard surface, or simply a hyperbolic CH surface. For example, a simply connected surface with Gaussian curvature pinched between two negative constants is a hyperbolic CH surface. It was proved in [17] that a
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hyperbolic CH surface is conformally equivalent to the hyperbolic surface with a conformal factor bounded between two positive constants. It was proved in [17] , many things that are true for harmonic maps between hyperbolic two spaces, are still true for harmonic maps between hyperbolic CH surfaces. For example, in [17] , the results in [14, 15, 16] on the existence, uniqueness and regularity on harmonic maps between hyperbolic spaces with prescribed boundary data at the geometric boundary are still true for hyperbolic CH surfaces. It was proved in [22] that a harmonic diffeomorphism between hyperbolic surface is quasi-conformal if and only if the norm of its Hopf differential is uniformly bounded. This has also been generalized to hyperbolic CH surfaces in [17] .
It is interesting to see whether one can generalize the results in [22, 4] on the constructions of harmonic diffeomorphisms with prescribed Hopf differential.
More precisely, given a holomorphic quadratic differential on the unit disk in C or on the whole complex plane C, one would like to construct a harmonic map, unique up to isometrics of the target, from the hyperbolic space or C into a hyperbolic CH surface, so that its Hopf differential is equal to the given holomorphic quadratic differential. In this situation, the target is not the hyperbolic space, and one cannot use the Gauss maps of constant mean curvature cuts as in [22, 4] . New methods have to be developed. In this paper,
we are able to solve the existence problem completely and obtain the following: 
or (j> is not a constant, then u can be chosen to be a harmonic diffeomorphism into N. Futhermore, if RQ = I and $ G BDQ(H), then u can be chosen to be a quasi-conformal harmonic diffeomorphism onto N.
Here, Di is the unit disk and Poo is the complex plane. Since a hyperbolic CH surface is conformally equivalent to the hyperbolic space with conformal factor bounded between two positive constants as mentioned above, and since a map is harmonic depends only on the conformal structure of the domain and not the metric of the domain in dimension two, the theorem is still true if the domain is a hyperbolic CH surface. In order to prove the theorem without using the properties of constant mean curvature cuts, we have to obtained more refined apriori estimates for the energy density and the dilatation of a harmonic map. One difficulty is that the Gaussian curvature of the target may be zero at some point. Therefore, one cannot use directly the generalized maximum principle as in [22] to obtain a bound of the energy density of the harmonic map in terms of its quadratic differential. However, if the target is a hyperbolic CH surface, then we can perturb the metric, and use the results in [17] to prove the theorem.
For the uniqueness, we have some partial results. First, we will reduce the question on the uniqueness of harmonic diffeomorphisms to the question on the uniqueness of solutions of the equation satisfied by the d-energy density of a harmonic map. Then, we will prove, or example: 
Here again, we cannot use the properties on Gauss maps of constant mean curvature cuts. One of the main difficulties to prove uniqueness is that the Gaussian curvature of the target may not be constant. However, even if we assume K N (ui) -K N (u2) as above, it is still not obvious that Wi = t^, because K N may equal to 0 somewhere.
There are many other methods and results on constructing harmonic maps on noncompact manifolds, see [2, 3, 6, 7, 9, 14, 15, 16, 17, 23] . On the other hand, there are applications of harmonic maps to the Teichmiiller theory via Hopf differentials of harmonic maps, see [24, 11] . One of the basic result in this direction is the construction of a homeomorphism between the Teichmiiller space of a compact oriented surface of genus great than one and the space of holomorphic quadratic differentials on the same surface endowed with a fixed conformal structure in [24] (see also [11] ). Later, in [22] , by solving the prescribed Hopf differential problem for harmonic diffeomorphisms between M the second author constructed a continuous mapping from the space of bounded holomorphic quadratic differentials with respect to the Poincare metric on H into the universal Teichmuller space which is an extension of the inverse mapping of the homeomorphism constructed in [24] . It was asked by the second author and conjectured by Schoen [19] that this mapping is bijective. The injectivity part of Schoen's conjecture was then proved by Li and the first author [16] , and the surjectivity part is still open. Due to the success of the application of the restricted map on Teichmuller spaces of compact surfaces, this mapping is expected to be very useful in the study of general Teichmuller spaces of Fushian groups especially those of noncompact surfaces. Hence, the generalization of the prescribed Hopf differential problem for harmonic maps in this paper may give more information in the study of the conjecture of Schoen and also in the study of noncompact Riemann surfaces.
Here is our plan. In §1, we will improve some of the results in [22] for the solution of the nonlinear scalar equation satisfied by the <9-energy density of a harmonic map. In §2, we will prove our main theorem in the particular case that the domain is H, the norm of the holomorphic quadratic differential is uniformly bounded, and the Gaussian curvature of the target is pinched between two negative constants. In §3, we will use compact exhaustion and perturbation method to prove the main theorem in its full generality. In §4, we will prove various results on uniqueness for harmonic maps with the same Hopf differential. In the Appendix, we collect some facts about quasiconformal maps used in this paper for the convenience of the readers. Every surface considered in this paper is assumed to be connected and oriented.
THE EQUATION OF <9-ENERGY DENSITY
In this paper, 3 Z^ will denote the disc centered at z of radius 0 < r < oo in be used in the later sections. The analysis is the same for all r with 0 < r < oo.
Hence we will assume that r = 1 for simplicity. Let us first recall the following generalized maximum principle of Cheng and Yau [5] . Proof of the lemma. For r = 1, the lemma follows from applying the results in [22] to v -logp + logc with (/> replaced by c 2 (f). For r = 00, the existence and uniqueness of v follow from the results in [4] , Therefore, it remains to prove statement (2) of the lemma. Consider the metric g = ds 2 = e 2u |d^| 2 which is complete on R 2 by construction. Let Kg be the Gaussian curvature of g. Using the equation of v, it is easy to see that Kg = -
Therefore -c 2 < Kg < 0. Moreover, using the assumption that e~2 v \(j)\ < 1,
we have
Since -Kg > 0, we conclude, by mean-value inequality, see for example [10] , that the set Kg = 0 is open. It is obvious that the set K g = 0 is close, therefore we have either K g < 0 everywhere or
is flat, so r = oo, and using a trick in [19] and the result in [13] , we can prove that v is a constant. In fact, let o be the origin in 
for all x with ro(x) large enough. S0V + C2 log(r 0 (x)) is nonnegative harmonic near infinity in E 2 . Therefore, by the argument in Corollary 5.5 in [13] ,
near infinity for some bounded harmonic function u and some constant C3. In any case, v is either bounded from above or bounded from below, so v is a constant. Then putting back into the expression of K g and using K g = 0, we conclude that |0| and hence (j) is a nonzero constant. D Using Lemmas 1.2 and 1.3, we generalize the results of [22] to the following: Since
and IHIe" 2^ < 1, w a is a subsolution and tu& is a supersolution of (1.1). Using the method of sub-and supersolutions as in [22] (with modification of the regularity of solutions), we conclude that there exists a solution w E C^QD)) of (1. w{Q < log ; + -log '
which is the desired inequality. D is also well-known that the first eigenvalue for the Laplacian for functions of N is positive. Therefore, AT is a hyperbolic CH surface. Note that by [17] , the conformal factor a is bounded. In this section, we generalize the result in [22] to this class of surfaces, and show that given any ^d^2 E BDQ(1D)), there is a quasi-conformal harmonic diffeomorphism u from D onto TV, such that the Hopf differential of u is (/)dz 2 . In [22] , N is the hyperbolic space and the harmonic diffeomorphism is constructed using the theory of constant mean curvature cut in Minkowski space. Here, we will use a more direct method.
Observe that if u is a harmonic diffeomorphism, and let e 2w = \\du\\ 2 , then u and w satisfy the system:
This system is coupled, unless K N is constant. Our first main step is to study the system and prove the following: Remark 2.1. The quasi-conformal diffeomorphism u may be normalized by other methods. For example, we may normalize u so that u fixed three given points on the boundary of D. The problem on the uniqueness of the solutions w and u will be discussed in section 4.
We will use the Schauder fixed point theorem to prove Theorem 2. 
. Let (j)dz 2 G BQD(3). Suppose w is a real valued smooth function on D and u is a quasi-conformal diffeomorphism from D onto KD such that (i) w satisfies the equation
(ii) e 2w ds 2 is complete, (iii) e" 2u, ||(/)|| < k everywhere for some 0 < k < 1, 2 and ||<9u|| 2 = e 2w .
(iv) u satisfies the Beltrami equation Then u is a harmonic diffeomorphism from (ED, ds^) onto N, such that the Hopf differential of u is given by (frdz
Proof. The method of proof is to define a metric in the target so that u is harmonic, and then we will show that the metric we defined is in fact the original metric on iV. Since u is a smooth quasi-conformal diffeomorphism, where A = u zz + 2{\og(Ji) u u z u z . By assumptions (hi), (iv) and the fact that u z ^ 0, we have A = 0. Therefore u is a harmonic diffeomorphism from (D,d4) onto iVi = (D^^dnl 2 ) with Hopf differential given by 0d^2 and e 2w is the 3-energy density of u with respect to cr 2 |dn| 2 .
Finally, we want to prove that cri = cr. Using the Bochner formula in [20] , we see that w also satisfies Apw = -K Nl (u) {e 2w -m 2 e2w ) -1. [22] . The complete surface is in fact isometric to (B,e 2w ds 2 p ).
So we have K N {u{z)) = K Nl (u(z)) for all z G P by assumption (i) and (hi

PROOF OF THE MAIN THEOREM
Base on the Theorem 2.5, which is a special case, we will prove in this section the Main Theorem in its full generality. Let us first assume that the sectional curvature K^ of the target iV, a hyperbolic CH surface, satisfies -b 2 < K N < -a 2 < 0 for some constants b > a > 0. As it is well known, the harmonicity depends only on the conformal structure, not the metric. So we can regard u R as a harmonic map from (DR, |dz| 2 ), i.e.
with Euclidean metric, as well. But we should mention, on the contrary, that the energy densities depend on the metric on the domain. For example, the <9-energy density of UR is ||C?MR|| = tf^i*)!^! if we use the Euclidean metric on the domain.
As before, let us write w R = log ||9itfl||-Then the Bochner formula in [20] takes the form 
) not only imply the boundedness of \\du\\ and the positivity of J(u). They also imply that J(UR) is uniformly bounded away
from zero on compact sets. Therefore, UR are local quasi-isometries with quasi-isometric constants independent of R. That is to say, for any point p G Dflo and q = u(p), there is a neighborhood U of p, a neighborhood V of q such that UR(U) is contained in V, UR maps U onto UR(U) quasi-isometrically, and the quasi-isometric constants can be chosen independent of R for R < R 0 .
Since UR is a diffeomorphism for each R < R 0 , it is not hard to see that u must be one-to-one. This completes the proof of the theorem. □ Now, we are going to remove the pinching condition on Theorem 3.1 and complete our proof of the Main Theorem. Recall that a hyperbolic CH surface is a complete simply connected surface N with Gaussian curvature KN of N satisfying -b 2 < K N < 0, and with positive first eigenvalue for the Laplacian for functions. We want to construct harmonic maps from H or M 2 into a hyperbolic CH surface with prescribed Hopf differential. Since the K N is not bounded above by a negative constant, we cannot use Proposition 1.6. One obvious way to overcome the difficulty is to perturb the metric on iV so that the perturbed metric has negatively pinched Gaussian curvature. One can do this provided that the first eigenvalue of iV* is positive. If this is the case, then by the results in [17] , N can be represented as (D, e^ds^) with |^| uniformly bounded, where ds^ is the Poincare metric. This fact will be used in the following proof of the Main Theorem to perturb the metric. Note that, since iV is simply connected, it is well-known that the first eigenvalue Xi(N) is positive if KN < -a 2 < 0. Proof. If $ = 0, then the identity mapping and constant mapping are the required harmonic diffeomorphism and harmonic map for RQ = 1 and RQ = oo respectively. So we only need to consider the case that $ ^ 0.
As we mentioned above, |^| is uniformly bounded. So for all 0 < t < Hopf differential is $. Furthermore, as it is stated in Remark 3.1, we also have \\dut\\ > 0 for all 0 < t < 1, e 2wt \dz\ 2 = ||9^|| 2 |dz| 2 is complete on D^0, and
Wt^ivp, where vp is the solution of (3.5) with b = {3.
is not a constant. In this case, by Lemma 1.3, we have e~2 vfi \(f)\ < 1. Since Wt > vp for all 0 < t < 1, for any fixed r, 0 < r < RQ, there is a constant 0 < k < 1 independent of t such that
in D r for all 0 < t < 1. Therefore (3-7) j^M < l -fc> on D r . Now, from the proof of Theorem 3.1, u t is a harmonic diffeomorphism into Nt. It is easy to see that Xi(N t ) > C > 0 for some constant independent of t. So a local version of Theorem 1.1 in [17] implies that the energy density of Ut is locally uniformly bounded. Using u t {Qi) = 0 and the fact that e 2t^ -► e
2^
as t -> 1, we conclude that there is a harmonic map u from D^ into iV such that the Hopf differential of u is $. As in the proof of Theorem 3.1, one shows that u is in fact a harmonic diffeomorphism into iV. Case 2: RQ = oo and (/) is a nonzero constant. In this case, Vp = | log |^| = c is a constant on R 2 . For all 0 < t < 1, Ao^ = -K t (n t )(e 2 -' -MV 2 ""-)- Finally, for the last assertion of the theorem, we observe that, if i^o = 1 and $ £ J3JDQ(B), Theorem 2.5 and Proposition 1.9 imply that the harmonic maps Ut given by Theorem 3.1 are quasi-conformal diffeomorphisms with dilatation bounded uniformly by a constant 0 < k < 1 depending only on ||<I>||Q£). Then Theorem A.3 asserts that the limiting harmonic map n, which is not a constant map, is also quasi-conformal. This completes the proof of the theorem. □
RESULTS ON UNIQUENESS
In this section, we will prove some results on the uniqueness of harmonic Let cti > 1 so that a* -► 1. Denote the corresponding a and m by a^ and m^ respectively. For all i
Since a* and ra* are bounded, we may assume that di -> a and m^ -► m. By the definition of the a^ and b^ and by (4.3), it is easy to see that It is easy to see that at 77 > 0, AQT? > 0, and at 77 < 0, Ao?7 < 0. Therefore, min{77,0} is superharmonic and max{77,0} is subharmonic. Since they are both bounded, and every bounded superharmonic or subharmonic function on C is constant, 77 must be a constant. If in addition, h is not identically 0, then it is easy to see that the constant must be 0. This completes the proof of the lemma. □ [22] and [4] . Here, the results have been proved without using the properties of constant mean curvature cuts.
APPENDIX A.
In this appendix, we collect some facts about quasiconformal mappings which are used in this paper. The main reference is Letho-Virtanen's book [12] and Ahlfors' book [1] . The first result we need is the following: Proof. This first statement is a special case of Theorem 7.1 in Chapter 5, Section 7.1 of [12] . For the second statement, one can result [18] . □ 
